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Abstract-The Gompertzian model of survival is a frequently used two parameter survival dis- 
tribution. Standard parameter estimation techniques, such as regression and maximum likelihood 
analysis, require knowledge of the actual lifespans for parameter estimation to be successful. Studies 
in the evolutionary biology of aging require good estimates of the age-dependent mortality rate coef- 
ficient (one of the two model parameters). In this paper, we introduce an alternative algorithm for 
estimating this parameter. And we discuss the sensitivity of the estimates to changes in the other 
model parameters. 
1. INTRODUCTION 
The Gompertz survival model [l-3] models a population’s mortality rate x(a) with a two param- 
eter equation of the form 
X(a) = he era, (I) 
where hc > 0 is called the age-independent mortality rate coefficient or the IMR, and y > 0 
is called the age-dependent mortality rate coefficient [4]. Such a model gives rise to a survival 
distribution S(a) of the form 
S(e) = e+ Cl-e”), (2) 
where S(a) is the probability of surviving until age a [6-141. 
The two parameters he and y are of interest to many investigators in biogerontology and the 
evolutionary biology of aging [4,5]. Sp ecies comparisons in mortality rate accelerations are aided 
by calculations of MRD (Mortality Rate Decrement) which changes in the same direction as 
lifespan and is given by 
MRD=lnz. 
Y 
Usually, an experimental& knows the individual lifespans and can make use of standard tech- 
niques such as MLE or linear regression [12-171 to estimate the model parameters. Table 1 
(reprinted from [4]) illustrates some sample estimates of MRD aud IMR for various animal species. 
A problem arises when, for some reason, the lifespans are not known exactly or are not known at 
all. Under these conditions, it becomes much more difficult to estimate the two model parameters. 
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Table 1. 
1. 
2. 
3. 
4. 
5. 
6. 
7. 
a. 
9. 
10. 
11. 
12. 
13. 
14. 
15. 
MRD MR/ 
Animal (ye.=) Year 
Mammals 
Lab mice 0.27 0.03 
Lab rat 0.3 0.002 
Lab gerbil 0.9 0.1 
Lab hamster 0.5 0.025 
White-footed 1.2 0.06 
mouse 
Domestic dog 3 0.02 
Horse 4 0.0002 
Rhesus monkey 15 0.02 
HUmaIl 8 0.0002 
Bid3 
Japanese quail 1.2 0.07 
Reeves pheasant 1.6 0.02 
Brush turkey 3.3 0.045 
Peafowl 2.2 0.06 
Bengal finch 2.5 0.1 
Herring gull 5 0.17 
2. ESTTMATION OF y 
tmax 
(Yea=) 
4.5 
5.5 
3.8 
3 
8 
20 
46 
>35 
>llO 
5 
9.2 
12.5 
9.2 
9.6 
49 
1 
Evolutionary biologists of aging are often stuck with a survival curve and no associated lifespan 
data [4]. In this field, it is vital to have reasonable estimates for y. We begin our discussion of 
how to estimate y by rewriting Equation (2) as follows 
(3) 
If we assume that we know ho (a not unreasonable assumption, biologically), and if we further 
assume that we also know S(a), then Equation (3) is a transcendental equation in the unknown y 
and may be solved using standard numerical methods. 
It is difficult, in general, to decide upon a particular value of a, to use in Equation (3). However, 
if we are examining the issue of evolution of longevity, then choosing a = urnax, the known 
maximum lifespan, is a reaonable starting value. Finally, for ease of analysis, we may rewite 
SCamax ) = lo*, (a > 0). Then, Equation (3) becomes 
-y=ho ‘--I”,‘;;. (4) 
In particular, we are interested in understanding how solutions for y are affected by values of and 
changes in the parameters ho and (Y. 
Alternatively, we may represent S(a,,,) as 
1 S(amax) = “(zax , 
where iVc is the initial number of organisms in the population and N(amax) is the number 
organisms alive at age amax. Such a reformulation is useful when the actual lifespan data is 
known. In this case, for the purposes of our analysis, N(a,,,) = 1. Hence, S(a,,) = l/No and 
Equation (3) becomes 
y = he ‘rl”K”*‘. (5b) 
n 0 
Equation (5b) allows us to study the effects of initial population size on the estimated value 
of y. Table 2 (reprinted from [43) illustrates mortality rates y and ho estimated in the absence 
of mortality data by age for populations of different size. 
Sources of data, for each species, may be found in [4]. In the upcoming discussion, we will 
examine parameter sensitivity in both model formulations. 
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Table 2. 
1. 
2. 
3. 
4. 
5. 
6. 
IMR/ MRD/ 
Ye= year (y:ZJ 
PipestrelIe bat 
11 
N = lo3 0.25 4.7 
N = lo4 0.22 3.4 
N = lo5 0.20 2.8 
N=106 0.19 2.5 
15 
N = lo3 0.32 14.9 
N = lo* 0.28 7.5 
N=105 0.26 5.7 
N = lo6 0.25 4.7 
European robin 
12 
N = lo3 could not reach tmax 
N = lo* 0.58 15.3 
N = lo5 0.54 7.9 
N = lo6 0.52 5.8 
Lapwing 
16 
N=103 0.30 16.4 
N = 10’ 0.27 8.2 
N = lo5 0.25 6.0 
N=106 0.24 5.1 
Starling 
20 
N = 103-* could not reach tmax 
N = lo5 0.51 56.6 
N = lo6 0.49 21.2 
Common swift 
21 
N = lo3 0.12 8.2 
N = lo* 0.10 6.0 
N = lo5 0.094 5.1 
N=108 0.088 4.5 
Herring guIl 
49 
N = lo3 0.0060 7.2 
N = lo* 0.0046 6.3 
N = lo5 0.0037 5.7 
N=106 0.0032 5.4 
9 
3. SENSITIVITY TO PARAMETER CHANGES 
Initially, we may consider how Equation (4) h c an g es as ho and (Y are changing. To do this, we 
consider the partials of y with respect to ho, urnax, and Q. These are given by 
ar -=- ho (1 - eY==) 
aa Q [cr In 10 + ho amax e-fa-] ’ 
87 
x6= 
(1 - e7amrr) 
[a In 10 + ho amax eYa=-] ’ 
dr=O. 
aa,, 
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As -eax > 0, the quantity (1 - eY’m,x ) < 0. As cr > 0, g denominators of Equation (Sa), (6b) 
are positive. From this, we observe that the derivative a0 in (6a) is positive and the derivative 
ah “‘, in (6b) is negative. Further, it follows that, as (Y --+ co, we have that 
lim 3=0, 
a-03 do 
8-r 
(7) 
Jihr dho = 0. 
Thus, we see that y is relatively insensitive to changes in Q as cr + 00. That is, y does not 
change rapidly as the sample size (expresed as lOa) becomes larger. The same result may be 
demonstrated to be true for changes in y as a function of ho. 
Similar results may be derived for the size model given by Equation (5b). In this model we 
find that 
8-Y 1 ho [l - eyQ=ax] 
( 
ho 
> 
1 _ eY%l,. 
- = x ln2 No - ho amax (ln No) eya=*x = ~NO No In No In No - ho amax P’mrr ’ 
(8) 
From Equation (8), it is straightforward to show that 
(9) 
4. SENSITIVITY OF THE NEWTON-RAPHSON SCHEME 
From standard arguments, we have that the nth approximation to the solution of Equation (3) 
for y is given by 
#n+l) = #“I _ .fNo h@)) 
flv, WY 
(10) 
Note that ’ indicates derivative with respect to y and the specified functions are given by 
- 1. (11) 
We are particularly interested in the sensitivity of Equation (10) with respect to the initial sample 
size NO. 
We begin by observing that 
a# n+l) a$“) 
dNo=TGq- 
fk, (Y(“)) jNo (+)) - fN, (+)) .&, (+) 
[fir0 W')12 ' 
(12) 
where the l indicates the derivative with respect to NO and the ’ indicates a derivative with 
respect to y. We observe, however, that 
l afdy 
f =dyaNo' 
This allows us to reduce Equation (12) to the following 
a#n+l) 
Tit-j-= 
fNo (+)) & (w) 
(13) 
(14) 
Gompertz parameters 
Substitution of Equation (11) into Equation (14) yields the following equation 
11 
(15) 
(16) 
If we now let 
(17) 
Letting z - &, we can simplify Equation (15) to 
&(“+‘J 1 ( ho 1 _ eY(“)Qnax > z e- $ + #‘J) alv,= 1 
ho amax e+“)a=a. z2 
e* [ho amax ey(“)a== t - l] 2 
A = ho I _ e+‘== , 
( > 
B = ho amax e”(n)amax, 
then Equation (16) simplifies to 
@“+‘) 
-= 
[A z + +] B z2 e-f 
~NO [Bf-l12 . 
(18) 
We now examine the following two limits, NO --+ 1 (Z -+ co) and NO --+ 00 (Z -+ 0). Clearly, as 
z -+ 0, the right hand side of Equation (18) tends to zero. As z * co, Equation (18) gives 
i.e., increases as z increases (sample size becomes small). Thus, as the sample size decreases, we 
see a greater change in the sensitivity of y(“+‘) with respect to the initial sample size No. 
4. CLOSING COMMENTS 
The purpose of this discussion has been to address the issue of parameter sensitivity of a new 
method for estimating the age-dependen mortality rate coefficient y of the Gompertz mortality 
rate model. Such a method is necessary when attempting to estimate Gompertz mortality rate 
coefficients in the absence of mortality data by age. 
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